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STRICTLY CONVEX WULFF SHAPES 
AND CONVEX INTEGRANDS 


HUHE HAN AND TAKASHI NISHIMURA 


Abstract. In this paper, it is shown that a Wulff shape is strictly convex if 
and only if its convex integrand is of class . Moreover, applications of this 
result are given. 


1. Introduction 


Let 7:5^^ M+ be a continuous function, where n is a positive integer, S'^ is 
the unit sphere in and M+ = {a C IR. | a > 0}. For any 9 G we set 


where the dot in the center stands for the standard dot product of two vectors 
x,0 € R"+^. Then, the following set is called the Wulff shape associated with 
7 (see Figured]). 

= n 

eeS" 



Figure 1. A Wulff shape 

The Wulff shape W-y, which was firstly introduced by G. Wulff in [TB], is known 
as a geometric model of a crystal at equilibrium (for instance, see [S] d31 dSl d7]l. 
By definition, the Wulff shape is compact, convex and it contains the origin 
of as an interior point; namely, Wy. is a convex body such that the origin is 

contained in intCW^), where intCW^) stands for the set consisting of interior points 
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of Wj (for details on convex bodies, see [IS]). Conversely, it is known that any 
convex body containing the origin as an interior point is a Wulff shape associated 
with an appropriate support function m)- Thus, for any convex body W C IR"^^ 
such that int(lT) contains the origin, there exists the non-empty set, denoted by 
C{y(5'", K+), consisting of continuous functions 7 : S'" —)• M+ such that = W. 
Moreover, it is known that for any convex body W such that the origin is contained 
in int(lT), there exists the smallest element G C((/(S",]R+) in the sense that 
7 iv(^) < 7 ( 6 *) is satisfied for any 6 G S'^ and any 7 G C'{y(S",]R+) ([IS|). The 
function 7 ,^ is called the convex integrand of W ( for details on convex integrand, 
see Section [2) • 

Theorem 1. Let W C be a convex body containing the origin as an 

interior point ofW. Then, W is strictly convex if and only if its convex integrand 
Iw °/ cZass . 

A more restricted dual relationship than the one given in Theorem [T] has been 
obtained by F. Morgan as follows. 

Theorem 2 ([7]). Let W C be a convex body containing the origin of 

as an interior point of W. Then, W is uniformly convex if and only if its convex 
integrand is of class 

For the definitions of uniform convexity and of class C^’^, see [7]. As explained 
in p. 348 of [7], the notion of strict convexity (resp., class C^) is certainly weaker 
than the one of uniform convexity (resp., class C^’^) for Wulff shapes (resp., convex 
integrands). Moreover, “strict convexity”(resp., “class C^”) is more common and 
easy to treat than “uniform convexity”(resp., “class Thus, Theoremdjmay 

be regarded as a useful genelarization of Theorem [2| 

In Section [2l preliminaries are given. Proof of Theorem [T] is given in Section [Sj 
In Section SJ applications of Theorem [T] are given. 


2. Preliminaries 


2.1. Convex integrands. Let 7 : S'" —>■ R+ be a continuous function. Set 
graph( 7 ) = {( 0 , 7 ( 0 )) G R"+i - { 0 } | 0 S S"}, 

where ( 0 , 7 ( 0 )) is the polar plot expression for a point of R"+^ — {0}. Let inv : 
R"+^ — { 0 } —> R"+^ — { 0 } be the inversion with respect to the origin of R"+^, 
namely, inv : R"+^ — { 0 } —>■ R"+^ — { 0 } is defined as follows: 



Let r.y be the boundary of the convex hull of inv(graph( 7 )) (see Figure [2|). 

Definition 1 ([E]). A continuous function 7 : S" ^ R+ satisfying r.y = inv(graph( 7 )) 
is called a convex integrand. 

The following has been known. 

Proposition 1 ([Ml [12]). For any 71,72 : S" -> R+, the following holds: 


1^71 — 7^72 ^^71 — ^^72 ■ 


Proposition [T] implies the following: 
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Figure 2. A Wulff shape and the convex hull F-^. 

Proposition 2. Let W he a convex body in ]R"+^ such that the origin of is 

contained in int(hF). Then, the following holds for any two 71,72 S R+); 

r — r 

By Proposition [21 the following definition is well-defined: 

Definition 2 ([H]). Let VF be a convex body in ]R”+^ such that the origin of 
is contained in int(VF). Define the unique function 7 ^^ : S'^ —>• K.+ as follows: 

graph( 7 ^) = inv(r^), 

where 7 is a function of ®.+ ). The function is called the convex integrand 

of W. 

By the construction of convex integrand of W and Proposition |21 the following 
holds: 

Proposition 3 ([H]). Let W be a eonvex body containing the origin as an interior 
point. Then, the following holds for any 9 € S'^ and any 7 £ Cy[^(S'”,]R+). 

lw{d) < l{0). 

Figure [3] illustrates Proposition [S] 



Figure 3. 7(^(0) < 7(0) for any 9 £ S'”. 
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2.2. Convex geometry in 5'”+^. For any point P G let H{P) be the closed 

hemisphere centered at P; namely, H{P) is the set consisting of Q G satisfying 
P ■ Q > 0, where the dot in the center stands for the scalar product of two vectors 
P,Q e 

Definition 3 ([H]). Let bF be a subset of 5”+^. Suppose that there exists a point 
P G 5"“'"^ such that W fl H{P) = 0. Then, W is said to be hemispherical. 

For any non-empty subset W C the spherical polar set of VF, denoted by 

bF°, is defined as follows: 

W° = f] H{P). 

Pew 


Lemma 2.1 f|12]'). For any hemispherical finite subset X = {Pi,... ,Pk} C 5'”“'"^, 
the following holds: 


\\EllUP^\\ 


k 

P, G X, = 1, > 0 

2=1 


O 


p(Pi)n---nP(Pfc). 


Lemma |2.Il ls called Maehara’s lemma. 

Let P, Q be two points of such that (1 — t)P + tQ is not the zero vector 
for any t G [0,1]. Then, the following arc is denoted by PQ-. 


PQ 


(1 f)P + tQ cn+l 
||(l-f)P + tQ|| 


0 < f < 1 


Definition 4 ([4]). Let W C be a hemispherical subset. 

(1) Suppose that PQ C W for any P, Q G IF. Then, W is said to be spherical 
convex. 

(2) Suppose that W is closed, spherical convex and has an interior point. Then, 
W is said to be a spherical convex body. 


Definition 5 ([4]). Let P be a point of 

(1) A spherical convex body W such that W fl H{—P) = 0 and P G int(lF) 
are satisfied is called a spherical Wulff shape relative to P. 

(2) Let IF be a spherical Wulff shape relative to P. Then, the set fF° is called 
the spherical dual Wulff shape of IF. 

Definition 6 f|12p. Let IF be a hemispherical subset of Then, the following 

set, denoted by s-conv(iF), is called the spherical convex hull ofW. 


s-conv(fF) 


lEhm 


P, G VF, ^ = 1, > 0, A G N 


Lemma 2.2 ([H]). Let iFi,lF 2 be non-empty subsets of . Suppose that the 
inclusion Wi C fF 2 holds. Then, the inclusion W 2 C 1F° holds. 

Proposition 4 l[12j'). For any non-empty closed hemispherical subset W C 
the equality s-conv(lF) = ^ s-conv^iF^^ holds. 
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2.3. Construction of Wulff shapes by using spherical polar sets. Let Id : 

K"+i —X {1} C be the map defined by Id{x) = (x, 1). Denote the 

north-pole (0,..., 0,1) G R"+^ by N. The set 5'”+^ — H{—N) is denoted by 5']^’^. 
Let un '■ X {1} be the central projection relative to N; namely, un 

is defined as follows where P = (Pi,..., P„+i, P „+2 ) G (see Figure HI): 

Pi Pn-l-l 


O A (-^1 ; • ■ ■ ; Pn +1 : Pn+2 ) — 


n+2 


P 


n+2 



Figure 4. The central projection un. 

Next, we consider the mapping — {±iV} —defined by 

4'a(P) = , ^ ={N - {N ■ P)P). 

The mapping i^a was firstly introduced in [ 8 ]. It has been used for many purposes, 
for instance for the study of singularities of spherical pedal curves (lai), for the 
study of pedal unfoldings of pedal curves ([ID]), for the study of hedgehogs m) 
and for the study of a geometric model of crystal growth in the plane (|D|). The 
hyperbolic version of iHa is also useful (see 0 ). The mapping if a has the following 
intriguing properties: 

(1) For any P G 5'"+^ — {±iV}, the equality P • 41 a(P) = 0 holds. 

(2) For any P G 5'"'+^ - {±N}, the property 4 'a(P) G RN + RP holds. 

(3) For any P G 5'"+^ — {±iV}, the property N ■ 4'a(P) > 0 holds. 

(4) The restriction ^'aIsjj.+i_{a} ■ ~ ^ ~ {-^1 i® ^ diffeo- 

morphism. 

Moreover, it is easily seen that by using ^^a, the inversion inv : R”+^ — {0} —>■ 
— { 0 } can be characterized as follows: 

Proposition 5. 

inv = Id~^ o oa o vPa o o Id- 

Proposition 6 ([HI). Let 7 : S'" —?► K+ be a continuous function. Then, W-y is 
characterized as follows: 

= Id~^ o UN ((4'a o o Id (graph( 7 )))°^ . 

Proposition 7 ([Hj). For any Wulff shape W-y, the following hold: 

(1) The following set, too, is a Wulff shape. 

Id~^ o oa o Id iyV-y))°^ ■ 
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(2) The graph of the convex integrand of Wj is as follows. 

inv (j) [ld~^ o aN o ■ 

(3) The graph of the convex integrand of Id~^ o aN ° Id (W^)) ^ is as 

follows, where dW.y stands for the boundary ofWj. 

inv(aW^). 

The assertions (2), (3) of Proposition [7] has been implicitely proved in [T2] . 
Definition 7 ([H]). For any Wulff shape W^,, the Wulff shape 

Id~^ o aN (^{ctN^ o Id 

given in Proposition [7] is called the dual Wulff shape of . 

3. Proof of Theorem [T] 

3.1. Proof of the “if”part. In this subsection, we show that W is strictly convex 
under the assumption that its convex integrand is of class C^. Recall that N 
(resp., Oat) is the north-pole ( 0 ,..., 0 , 1 ) of 5'"+^ (resp., the central projection 
relative to N). Set W = af^^ o Id(W). By Proposition [SI we have the following: 

W = Id~^ o aN o o Id (graph( 7 ^^,)))°^ . 

Thus, we have the following: 

W = («'Aoaw^o/d(graph(7 ^)))°. 

By Proposition 13 we have the following: 

W = (af^^ o Ido inv (graph( 7 ^)))° . 

By the definition of convex integrand and Propositional the following holds: 
dW° = aff^ o Ido inv (graph( 7 ^)), 

where dW° stands for the boundary of W°. Thus, by the assumption of 7 ,,^, the 
following holds: 

Lemma 3.1. The boundary ofW° is diffeomorphic to S'”. 

Suppose that W is not strictly convex. Then, since W is convex, there exist two 
distinct points xq,xi S dW such that 

{(1 — t)xQ + txi I 0 < t < 1} 

is contained in dW. For any i G {0,1}, set Pi = afj^{xi). Then, it follows that 

PqPi C dW. 

For any P G S”+^, let dH{P) be the boundary of H{P). 

Lemma 3.2. Under the above situation, the following holds: 

dH{Po) n dH{Pi) n int{H{N)) C W°. 
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Proof. Let P be a point of dH{Po) fl dH{Pi) n int{H{N)). Suppose that P ^ W°. 
Then, there exists a point Qo &W such that P • Qo < 0. 

On the other hand, we have that P ■ Pi = 0 for any i G {0,1}. Thus, it follows 
that 

(l-t)Po + tPi _ 

■ \\(^i.t)Po + tP,\\ - 

for any t G [0,1]. Since PqPi C dW, P G int {H{N)) and W is a spherical Wulff 
shape relative to N, it follows that P ■ Q > 0 for any Q € W. 

Thus, we have a contradiction. □ 

By Lemma [3.21 for any P G dP[{Po) 0 dH{Pi) 0 int(iL(iV)), we have at least 
two great hyperspheres dH{PQ), dP[{Pi) which may be candidates for tangent great 
hyperspheres to W° at P. This contradicts Lemma [XT] □ 


3.2. Proof of the “only if”part. In this subsection, we show that is of class 
under the assumption that W is strictly convex. We use the same notations 
given in Subsection 3.1. 

Lemma 3.3. For any point Q G dW°, there exists the unique point Pq G dW sueh 
that Q is a point of dPl{PQ). 

Proof. Suppose that there exists a point Q G dW° such that Q G 9iL(Po)n9iL(Pi), 
where Po,Pi are some distinct points of dW. Then, it follows that P^ • Q = 0 for 
any i G {0,1}. This implies that P • Q = 0 for any point P G P 1 P 2 . Then, for any 
e > 0 and any point P G P 1 P 2 , there exists a point P such that two inequalities 
||P — P|| < e: and P ■ Q < Q are satisfied. Since Q G W°, it follows that P ^ W 
although P belongs to W. Hence, we have that the arc P 1 P 2 is contained in dW. 
This contradicts the assumption that W is strictly convex. □ 

Secondly, we show the following lemma: 

Lemma 3.4. The convex integrand : S'" —> K+ is differentiable at any 6 € S’^. 

Proof. Let Q be the point of dW° C such that the following is satisfied, 
invo/d"^ oaN{Q) = (6',7w(^)) ■ 

Let P be a sufficiently small neighbourhood of Q in S"+^. Since dH[PQ) is a great 
hypersphere and is the central projection relative to N, we may assume that 
there exists an affine transformation Ft : ^ such that FloId~^ o<TAr(Q) 

is the origin of and H o Id~^ o aM{dH{PQ) n U) (denoted by V) is contained 
in R" X {0}, where Pq is the unique point of dW obtained in Lemma [3.31 Let 
Vi be a sufficiently small neighborhood of the origin in V. Then, by replacing 
H = (hi ,..., hn, ft-n+i) with (hi,..., hn, —hn+i) if necessary, we may assume that 
there exists a continuous function /„ : Hi —>■ [0, 00 ) such that /ji(0 ,..., 0) = 0 and 
the graph of /„ is an open subset of H o Id~^ o aN(dW° fl P). 

We first suppose that n = 1. Let a be a positive real number such that {a; | |a:| < 
a} C Hi. For the a, define 1(a) as follows: 

1(a) = {A G R I 3x G (—0,0) U (0,a) such that fi(x) = Ax}. 
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The set /(a) has the following properties: 

Cliam 3.1. (1) 0 < Oi < 02 0 < sup/(ai) < sup 1 ( 02 ). 

(2) 02 < Oi < 0 inf 1 ( 02 ) < inf /(oi) < 0. 

(3) lima ^.0 sup/(a) = 0. 

(4) lima_>oinf-f(a) = 0. 

Proof. By definition, (1) and (2) are clear. 

We show (3). By (1), the following holds: 

lim sup /(a) > 0. 

G—^0 

Suppose that there exists a positive real number Ai such that lima^o sup/(a) = 
Ai. Then, since W° is spherical convex, the following holds for any x such that 
0 < a; < o. 

fi{x) > Xix. 

Since Ai > 0, the above inequality implies that there exists a point P G dW 
{P ^ Pq) such that Q G dH{P). This contradicts Lemma [H31 Therefore, we have 
lima^.oSup/(a) = 0. 

(4) may be proved similarly as (3). □ 

By Claim [BTTl we have the following 

0 < lim < lim sup/(a) = 0, 

3:^+0 X a->0 

0 > lim > lim inf/(a) = 0. 

x^—O X a—>0 

Therefore, must be differentiable at 8. 

Next, we give a proof for general n. Let a; be a point of Vi — {0}. Set V 2 = 
{0} X R + R(x, 0) C K” X R. Then, V 2 is a 2-dimensional real vector space and the 
intersection 

{(x,fn(x)) \x GVi]G\V 2 

may be regarded as the graph of /i in the case n = 1 (see Figure [5|). Let 



Figure 5. {(x, /„(a:)) | x G Vi}nV 2 may be regarded as the graph 
of/i. 
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riX. Then, 


□ 

Let Q be a point of dW°. Let {Qi}i=i, 2 ,... C dW° be a sequence such that 
liinj_>oo Qi = Q- By Lemma [?31 for any Qi there exists the unique point Pq^ € dW 
such that Qi S H{Pq.). Set P = Pq and Pi = Pq^. By Lemma [3^ in order to 
show that : S'” —?> R+ is of class , it is sufficient to show the following: 

lim hiH{P),H{P,))=0, 

i—^oo 

where h : ?^(S"^^) x —>■ R is the Pompeiu-Hausdorff metric. Suppose 

that there exists a positive real number e > 0 such that for any m G N there 
exists an integer i > m such that h{H{P), H{Pi)) > e. Since Q G H{P) and 
Qi G H{Pi), by the definition of Pompeiu-Hausdorff metric (for the definition of 
Pompeiu-Hausdorff metric, see for instance mm), it follows that there exists a 
positive real number e > 0 such that for any m G N there exists an integer i > m 
such that d{Q, Qi) > e, where d : x —>• M is the Euclidean metric. This 

contradicts limi_>oo Qi = Q- Therefore, we have limi_>oo h{H(P), H(Pi)) =0. □ 

4. Applications of Theorem [T] 

Since the boundary of the convex hull of a closed submanifold is a closed 
submanifold (for instance, see [TU [H]), as a corollary of Theorem [1] we have the 
following: 

Corollary 1. Let 7 : S'" —>■ R.+ be a function of class . Then, is strictly 
convex. 

In particular, we have the following: 

Corollary 2 ([H], Theorem 1.3). Let 7 : S" —)• M+ be a function of class . 
Then, yV.y is never a polytope. 

On the other hand. Figure [S] shows that the converse of Corollary [1] does not hold 
in general. 


{ri}i=i_2,... C R+ be a sequence such that limi_>oo Vi = 0. Set Xi = 
by the proof in the case n = 1, we have the following: 

fn{^i) 


lim 


= 0 . 


Therefore, even for general n, must be differentiable at 6. 



Figure 6. A strictly convex having non smooth 7. 


Combining Theorem [T] and Proposition [3 yields the following: 
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Corollary 3. A Wulff shape in is strictly convex if and only if the boundary 

of its dual Wulff shape is diffeomorphic to S'”. 

In particular, we have the following: 

Corollary 4. A Wulff shape in is strictly convex and its boundary is 

diffeomorphic to S” if and only if its dual Wulff shape is strictly convex and the 
boundary of it is diffeomorphic to S”. 

It is interesting to compare Corollary |4] and the following: 

Proposition 8 ( [I'ijh A Wulff shape in is a polytope if and only if its dual 

Wulff shape is a poly tope. 

Finally, we give an application of Theorem [T] from the view point of pedal. 

Definition 8. Let p (resp., F : ^ R"+^) be a point of R”+^ (resp., a 

embedding). Then, the pedal of F{S'^) relative to p is the mapping G : S"' ^ R”+^ 
which maps 0 £ S" to the nearest point in the tangent hyperplane to P(S”) at 
F{0) from the given point p. 

Let IF be a Wulff shape in R"+^. Suppose that dW is diffeomorphic to S". 
Then, dW may be regarded as the graph of a certain embedding P : S” —?► R"+^, 
and is exactly the pedal of dW relative to the origin. Theorem[T]gives a sufficient 
condition for the pedal of dW relative to the origin to be smooth: 

Corollary 5. Suppose that a Wulff shape W in R"+^ is strictly convex and its 
boundary is diffeomorphic to S". Then, the pedal of dW relative to the origin 
is of class . 
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